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Abstract
Three-loop renormalization group equations for the Higgs self-coupling and Higgs mass parameter are
recalculated in the case of complex Yukawa matrices which encompass the general flavor structure of the
Standard Model. In addition, the anomalous dimensions for both the quantum Higgs field and its vacuum
expectation value are presented in the MS-scheme. A numerical study of the latter quantities is carried out
for a certain set of initial parameters.
© 2013 The Authors. Published by Elsevier B.V. All rights reserved.
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The discovery of the Higgs boson [1,2] confirms the fact that the Standard Model turns out
to be a perfect model describing physics at the electroweak scale. In spite of all attempts to find
something beyond the SM, no stringent evidences of new particles were found.
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strated that the SM can be extrapolated up to very high scales without the necessity to introduce
additional degrees of freedom.
Unfortunately, current experimental uncertainty in the strong coupling constant and the top
quark mass do not allow us to make an accurate prediction whether the SM vacuum is stable
only up to O(1010) GeV or up to the Plank scale. It is not surprising that in the above-mentioned
studies focused on vacuum stability the flavor structure of the SM was neglected.
In this work, we extend our recent results on Higgs potential parameters to the case of general
Yukawa matrices. This kind of result can be important not only in precise studies of vacuum
stability, but also in an analysis of different flavor patterns (see, e.g., a review [10]), which can
again originate from some New Physics.
The corresponding two-loop expressions [11] can be deduced from the general results of
Refs. [12–15]. The three-loop gauge-coupling beta-functions with the full flavor structure were
calculated for the first time in Ref. [16] and confirmed later by our group [17]. It should be noted
that the expressions presented in this paper cannot be obtained from the known results [9,18]
in the SM with only one fermion family coupled to the Higgs boson. This is due to the fact
that the simple fermion-loop counting and naive generalization of the substitution rules from
Refs. [16,17] are not sufficient to distinguish certain Yukawa-matrix traces, which can appear in
the final results for the considered quantities (see below). As a consequence, a direct evaluation
of Feynman diagrams with explicit flavor indices is required.
For this kind of calculation the Feynman rules for DIANA [19], which were used in our previ-
ous studies, were appropriately rewritten and a simple routine dealing with explicit flavor indices
was developed. In order to validate our codes, we also recalculated the results for the gauge
coupling beta-functions, thus confirming the expressions given in Refs. [16,17].
The calculation is carried out in an almost automatic way with the help of the infra-red re-
arrangement (IRR) [20] procedure implemented in our codes. We start with the Lagrangian of
the unbroken SM with the full flavor structure given in our previous paper [17]. For the reader’s
convenience we present here the terms describing the fermion–Higgs interactions and the Higgs
field self-interaction
LYukawa = −
(
Y
ij
u
(
QLi Φ
c
)
uRj + Y ijd
(
QLi Φ
)
dRj + Y ijl
(
LLi Φ
)
lRj + h.c.
)
, (1)
LH = (DμΦ)†(DμΦ) − VH (Φ), (2)
VH (Φ) = m2Φ†Φ + λ
(
Φ†Φ
)2
, Φ†Φ = h
2 + χ2
2
+ φ+φ−. (3)
Here λ and Yu,d,l denote the Higgs quartic and Yukawa matrices, respectively. The left-handed
quark and lepton SU(2) doublets, QLi , and LLi , carry flavor indices i = 1,2,3. The same is true
for the SU(2) singlets corresponding to the right-handed SM fermions uRi , dRi , and lRi . The Higgs
doublet Φ with hypercharge YW = 1 is decomposed in terms of the component fields:
Φ =
(
φ+(x)
1√
2
(h + iχ)
)
, Φc = iσ 2Φ† =
( 1√
2
(h − iχ)
−φ−
)
. (4)
The charge-conjugated Higgs doublet Φc has YW = −1 and enters into the Yukawa interactions
of the right-handed up-type quarks. We neglect the Higgs mass parameter in the Lagrangian since
the corresponding anomalous dimension can be found from the MS-renormalization constant of
the |Φ|2 operator (see, e.g., [18,21]).
The utilized IRR prescription consists of the introduction of an auxiliary mass parameter M
in every propagator and the subsequent expansion in external momenta
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(q + p)2 →
1
q2 − M2
[
1 +
k∑
j=1
(−1)j
(
2qp + p2
q2 − M2
)j]
(5)
up to a sufficient order k until the resulting term leads to a finite expression.1 In Eq. (5) q and
p are linear combinations of internal and external momenta, respectively. The fully massive
vacuum integrals obtained via above-mentioned procedure can be easily evaluated by means of
the MATAD package [22] or BAMBA code developed by V.N. Velizhanin. The price to pay for the
absence of spurious IR divergencies in the IRR procedure is the necessity to introduce additive
mass counter-terms to cancel spurious UV divergent contributions to the “masses” of gauge and
scalar bosons. Only after renormalization is carried out one can safely put M = 0. It turns out that
this kind of prescription is equivalent to the “exact” propagator decomposition of Refs. [23,24],
in which one can find further details on the approach. It is worth mentioning that the inclusion
of the mentioned counter-terms is mandatory to preserve the transversality of the gauge-boson
self-energies, which is a consequence of gauge invariance. In this work we recalculated all needed
two-loop counter-terms, for both the SM parameters and the auxiliary boson masses.
In order to find the renormalization constants for λ we consider symmetric four-point Green
functions with external Higgs particles h. A special script which takes into account the permu-
tation symmetry of external lines, allows us to substantially reduce the number of calculated
three-loop diagrams (from about 8 million to about 600 thousand). It is worth mentioning that
the number of diagrams, which has to be evaluated, can be further reduced with the help of the
graph_state library [25] (by about 200 thousand in the considered case). The latter allows
one to find isomorphic Feynman diagrams by using the generalization of graph labeling and
ordering algorithm2 proposed in [26] (Nickel index).
As in our previous paper [18] the anomalous dimension of the Higgs mass parameter m2
is inferred from a certain set of Feynman diagrams contributing to the scalar four-point Green
function with two neutral and two charged external Higgs bosons. In all diagrams from this set
both lines associated with external charged particles are connected to a single quartic vertex that
mimics the insertion of the |Φ|2 operator.
From the corresponding renormalization constants Zhhhh and Zhh[φ+φ−] we obtain (λˆ ≡
λ/(16π2))
Z
λˆ
= Zhhhh
Z2h
, Zm2 =
Zhh[φ+φ−]
Zh
, (6)
where Zh is nothing else but the renormalization constant for the Higgs propagator,3 and Zλˆ,
Zm2 enter into the relations between the bare parameters λˆBare, m2Bare and the corresponding
renormalized ones
λˆBareμ
−2 = Z
λˆ
λˆ = λˆ +
∞∑
l=1
l∑
n=1
c
(l,n)
λˆ
n
, (7)
m2Bare = Zm2m2 = m2
(
1 +
∞∑
l=1
l∑
n=1
c
(l,n)
m2
n
)
. (8)
1 One should take into account the divergent contributions from the product of divergent factors originating from
counter-terms and finite Feynman integrals.
2 The generalization also takes into account fields on internal lines.
3 Due to unbroken SU(2) invariance all the fields from the Higgs doublet have the same renormalization constant Z1/2.h
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be separated by the trick given in Refs. [16,17]. The left graph give rises to the product YffYff , while the right one
produces YfYfff , f = u,d, l.
Here μ is the MS renormalization scale,  = (4 − D)/2 is the parameter of dimensional regu-
larization, and c(l,n)
λ,m2
denotes the l-loop contribution to the coefficient of 1/n in the considered
renormalization constants.
The required renormalization group coefficients are extracted from the single pole in  with
the help of the following formulae:
β
λˆ
= dλˆ(μ, )
d lnμ2
∣∣∣∣
=0
=
∞∑
l=1
l · c(l,1)
λˆ
, γm2 =
d lnm2(μ, )
d lnμ2
∣∣∣∣
=0
=
∞∑
l=1
l · c(l,1)
m2
. (9)
The explicit expressions4 for β
λˆ
and γm2 can be found in ancillary files of the arXiv version of
the paper. The results depend on traces of different combinations of the Yukawa matrices which
we list here (f = u,d, l) for convenience
Yf ≡
trYf Y
†
f
16π2
, Yff ≡
trYf Y
†
f Yf Y
†
f
(16π2)2
,
Yfff ≡
trYf Y
†
f Yf Y
†
f Yf Y
†
f
(16π2)3
, Yffff ≡
trYf Y
†
f Yf Y
†
f Yf Y
†
f Yf Y
†
f
(16π2)4
,
Yud = trYuY
†
u YdY
†
d
(16π2)2
, Yudd = trYuY
†
u YdY
†
d YdY
†
d
(16π2)3
,
Yuud = trYuY
†
u YuY
†
u YdY
†
d
(16π2)3
, Yuuud = trYuY
†
u YuY
†
u YuY
†
u YdY
†
d
(16π2)4
,
Yuudd = trYuY
†
u YuY
†
u YdY
†
d YdY
†
d
(16π2)4
, Yudud = trYuY
†
u YdY
†
d YuY
†
u YdY
†
d
(16π2)4
,
Yuddd = trYuY
†
u YdY
†
d YdY
†
d YdY
†
d
(16π2)4
. (10)
In these expressions the product Yf Y †f corresponds to the propagation of the right-handed
fermion f . Since there is no right-handed flavor-changing current coupled to a SM gauge field,
the expressions of the form Yf ′Y †f with f = f ′ do not appear in the results.
A comment on the necessity to introduce explicit flavor indices is in order. From Eq. (10) one
can immediately deduce that the traces Yuudd and Yudud cannot be distinguished by the trick
4 It is worth mentioning that for the color algebra the FORM package COLOR [27] was utilized.
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yb being the Yukawa couplings of top and bottom quarks, respectively. Moreover, in the case of
two fermion traces involving Yukawa interactions the situation is even worse. For example, the
contribution to the four-point vertex originating from the diagrams presented in Fig. 1 cannot be
separated by the above-mentioned method.
If one neglects the mixing between generations together with the Yukawa couplings of the
first two fermion families, one obtains the known expressions [8]. The one- and two-loop con-
tributions given in Refs. [11,13] can be reproduced by means of identification of Yu, Yd and
Yl with H+, F+d and F
+
L , respectively. In addition, the Higgs self-coupling should be rescaled
λ → λ/2.
To save space, we do not show the results for λˆ and m2 themselves but present here an in-
teresting combination of these quantities which can be associated with the three-loop anomalous
dimension γv of the “tree-level” vacuum expectation value defined by the expression (see, e.g.,
Ref. [28]).
v(μ) =
√
−m
2(μ)
λ(μ)
. (11)
From Eq. (11) one can deduce that
γv = 12
(
γm2 −
β
λˆ
λˆ
)
= γ (1)v + γ (2)v + γ (3)v + · · · , (12)
with γ (l)v being the l-loop contribution given by the following expressions
γ (1)v =
1
λˆ
(
3(Ydd +Yuu)
2
+ Yll
2
)
− 9
80
a1a2
λˆ
− 27
800
a21
λˆ
− 9
32
a22
λˆ
− 3
(
λˆ + Yd +Yu
2
)
− Yl
2
+ 9a1
40
+ 9a2
8
, (13)
γ (2)v =
1
λˆ
(
3
2
(Yudd +Yuud) − 15(Yddd +Yuuu)2 −
5Ylll
2
)
− 10as(Yd +Yu)
− a1a2
λˆ
(
27Yd
40
+ 33Yl
40
+ 63Yu
40
)
− a1
(
9λˆ
5
+ 5Yd
16
+ 15Yl
16
+ 17Yu
16
)
+ a
2
1
λˆ
(
−9Yd
80
+ 9Yl
16
+ 171Yu
400
)
+ a1
λˆ
(
−Ydd
5
+ 3Yll
5
+ 2Yuu
5
)
+ 21Yud
4
− a2
(
9λˆ + 45(Yd +Yu)
16
+ 15Yl
16
)
+ a
2
2
λˆ
(
9(Yd +Yu)
16
+ 3Yl
16
)
− 7Yll
8
+ a
2
1a2
λˆ
(
nG
5
+ 717
1600
)
+ a1a
2
2
λˆ
(
nG
5
+ 97
320
)
+ a
3
1
λˆ
(
3nG
25
+ 531
8000
)
+ a21
(
−nG
4
− 903
1600
)
+ a
3
2
λˆ
(
nG − 49764
)
+ a22
(
241
64
− 5nG
4
)
+ 63λˆ2
+
(
8as
ˆ −
21
8
)
(Ydd +Yuu) − 189a1a2160 + 18λˆ(Yd +Yu) + 6λˆYl , (14)λ
A.V. Bednyakov et al. / Nuclear Physics B 879 (2014) 256–267 261γ (3)v =
a31a2
λˆ
(
n2G
9
+ nG
(
18 001
24 000
− 183ζ3
250
)
− 81ζ3
320
+ 29 779
64 000
)
+ a
2
1a
2
2
λˆ
(
n2G
9
− nG
(
63ζ3
50
+ 149
3600
)
− 7857ζ3
3200
+ 64 693
19 200
)
+ a
4
1
λˆ
(
n2G
10
+ nG
(
12 441
16 000
− 171ζ3
250
)
− 8019ζ3
160 000
+ 12 321
256 000
)
+ a
4
2
λˆ
(5n2G
6
+ nG
(
45ζ3
2
+ 14 749
384
)
+ 2781ζ3
256
− 982 291
6144
)
+ a1as
λˆ
(
−68Yddζ3
5
+ 641Ydd
60
+ 28Yuuζ3
5
− 931Yuu
60
)
− 6
λˆ
YllYud
+ a31
(
−7n
2
G
18
+ nG
(
57ζ3
50
− 1523
600
)
− 1863ζ3
4000
− 9323
4000
)
+ 9a1Y
2
l
40
+ a2as
λˆ
(
−12ζ3(Ydd +Yuu) + 31(Ydd +Yuu)4 − 48Yudζ3 + 4Yud
)
+ a32
(
−35n
2
G
18
− nG
(
45ζ3
2
+ 4163
144
)
− 3807ζ3
32
+ 53 563
1152
)
+ a1a2as
λˆ
(
54
5
ζ3(Yd +Yu) − 699Yd40 −
747Yu
40
)
− 90a2λˆ2ζ3
+ a
2
1as
λˆ
(
81
25
ζ3(Yd +Yu) − 2049Yd400 −
1761Yu
400
)
+ 324λˆYudζ3
+ a1as
(
−6Ydζ3 + 991Yd120 −
102Yuζ3
5
+ 2419Yu
120
)
+ 162λˆYdYu
+ a1a
3
2
λˆ
(
n2G
9
+ 8341nG
2880
+ 243ζ3
64
+ 54 053
11 520
)
+ as
λˆ
Yuud + as
λˆ
Yudd
+ a21a2
(
nG
(
27ζ3
50
− 243
80
)
− 1809ζ3
800
− 25 767
1600
)
+ 9a2Y
2
l
8
− 41asYud
2
+ a1a
2
2
λˆ
nG
(
3Yl
20
− 3
(Yd
4
+ Yu
20
))
+ a
2
1a2
λˆ
nG
(
3Yl
20
− 3
(Yd
4
+ Yu
20
))
+ a1a22
(
nG
(
9ζ3
10
− 27
8
)
+ 279ζ3
160
− 3849
128
)
− 21YlYud
4
− 90λˆYllζ3
+ a21nG
(
129λˆ
20
+ 31Yd
80
+ 117Yl
80
+ 127Yu
80
)
+ 24asYudζ3 + 3145Ylll32
+ a2s
(
16nG(Yd +Yu) + 12ζ3(Yd +Yu) − 455(Yd +Yu)3
)
− a
3
1
λˆ
nG
(
57Yd
100
+ 99Yl
100
+ 129Yu
100
)
− 1008λˆ3ζ3 + 9λˆY2l − 28YlYll
+ a
2
2 nG
(
39(Ydd +Yuu) + 13Yll + 6Yud
)
+ a21nG +
a21 + a1a22
λˆ 8 8 λˆ
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2
1
λˆ
nG
(
83Ydd
40
− 39Yll
40
+ 23Yuu
40
)
+ a21as + a21a2 + a1nG
+ a22nG
(
129λˆ
4
+ 63(Yd +Yu)
16
+ 21Yl
16
)
+ a1
λˆ
+ a1as − 1281λˆ3
− 27a
2
2
λˆ
(
1
32
(Y2d +Y2u)+ YdYu16
)
− 20a
2
s
λˆ
nG(Ydd +Yuu)
+ a
2
2as
λˆ
(
27ζ3(Yd +Yu) − 651(Yd +Yu)16
)
+ 407
160
a21
λˆ
Yddζ3
+ 297
16λˆ
(YdYlll +YdddYl +YlYuuu +YlllYu) + 27a
2
1a2
λˆ
(Ylζ3
20
+ Yuζ3
50
)
− 18a1
(
λˆζ3(λˆ +Yl) + λˆYuζ35
)
+ 81a1
(
1
40
(Y2d +Y2u)+ YdYu20
)
+ a2as
(
489(Yd +Yu)
8
− 54ζ3(Yd +Yu)
)
+ a22asnG
(
18ζ3 − 1358
)
− a
3
2
λˆ
nG
(
27(Yd +Yu)
4
+ 9Yl
4
)
+ 81a2
(
1
8
(Y2d +Y2u)+ YdYu4
)
+ a
3
1as
λˆ
nG
(
1683
2000
− 99ζ3
125
)
+ 81
(
λˆ
(Yd2 +Y2u)+ Ylllζ32
)
− 84(YdYll +YddYl +YlYuu +YllYu) + a
3
2as
λˆ
nG
(
153
16
− 9ζ3
)
+ a21asnG
(
66ζ3
25
− 99
40
)
+ 18
λˆ
ζ3(Ydddd +Yuddd +Yuuud +Yuuuu)
+ 891
16λˆ
(Yd +Yu)(Yddd +Yuuu) − 135
16λˆ
(Yd +Yu)(Yudd +Yuud)
+ 819
32
a22
λˆ
ζ3(Ydd +Yuu) + 272
a2
λˆ
ζ3(Yddd +Yuuu) − 916
a22
λˆ
Yl(Yd +Yu)
− 297
8
a32
λˆ
ζ3(Yd +Yu) − 81100
a21a2
λˆ
Ydζ3 + 222980
a1a2
λˆ
Yuuζ3 + 38
a1a2
λˆ
YdYl
+ 1143
80
a1a2
λˆ
Yllζ3 + 93380
a1a2
λˆ
Yddζ3 − 8140
a1a
2
2
λˆ
Yuζ3 − 2710
a1a
2
2
λˆ
Ydζ3
− 93
20
a1a2
λˆ
Yudζ3 + 920
a1a
2
2
λˆ
Ylζ3 − 8740
a1a2
λˆ
YlYu + 6340
a1a2
λˆ
YdYu
− 70 563
12 800
a21a2
λˆ
Yu − 59 91312 800
a21a2
λˆ
Yl − 39 62712 800
a21a2
λˆ
Yd − 48a
2
s
λˆ
(Y2d +Y2u)
− 13 437
256
a22
λˆ
(Ydd +Yuu) − 341164
a2
λˆ
(Yddd +Yuuu) + 17 217512
a32
λˆ
(Yd +Yu)
+ a21
(
561 − 33ζ3
)
− 477 a2 (Yudd +Yuud) − 12 537 a1a
2
2 Yd400 25 64 λˆ 2560 λˆ
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λˆ
(Y2ud +Yuuddζ3)− 93092560 a1a
2
2
λˆ
Yu − 54992560
a1a
2
2
λˆ
Yl
+ 457
3
a2s
λˆ
(Ydd +Yuu) − 4516 λˆYl (Yudd +Yuud) +
6
λˆ
(Yll2 +Yllllζ3)
− 120as
λˆ
ζ3(Yddd +Yuuu) − 2957800
a21
λˆ
Yuuζ3 − 2103400
a21
λˆ
YlYu
+ 24as
λˆ
ζ3(Yudd +Yuud) − 16a
2
s
λˆ
ζ3(Ydd +Yuu) + 2591640
a1a2
λˆ
Ydd
+ 1871
640
a1a2
λˆ
Yuu − 123400
a21
λˆ
YdYl + 549640
a1a2
λˆ
Yll + 51400
a21
λˆ
YdYu
+ 273
32
a22
λˆ
Yllζ3 − 13532
a21
λˆ
Yllζ3 + a1
(
153
80
− 9ζ3
5
)
− 63
80
a1a2
λˆ
Y2l
− 99
80
a1a2
λˆ
Y2u +
81
80
a1a2
λˆ
Y2d +
81
200
a31
λˆ
Ylζ3 − 71116 a2λˆ(Yd +Yu)
+ 459
8
a22ζ3(Yd +Yu) −
351
2
a2ζ3(Ydd +Yuu) − 30164
a1a2
λˆ
Yud
− 27
200
a31
λˆ
Ydζ3 + 27100
a31
λˆ
Yuζ3 − 1174
a22
λˆ
Yudζ3 − 9910
a1
λˆ
Ylllζ3 + 950
a21
λˆ
Yudζ3
− 51
10
a1
λˆ
Yuuuζ3 + 2720a1Yl (Yd +Yu) − 288asλˆζ3(Yd +Yu) −
99
8
a32
λˆ
Ylζ3
+ 42
5
a1
λˆ
Yuudζ3 − 395
a1
λˆ
Yuddζ3 + 274 a2Yl (Yd +Yu) +
15
2
a1
λˆ
Ydddζ3
+ 54a2λˆζ3(Yd +Yu) + 92
a2
λˆ
Ylllζ3 − 71120 a1a2Yuζ3 −
243
10
a1a2Ylζ3
+ 297
5
a1a2λˆζ3 + 249
16λˆ
(Yuddd +Yuuud) − 20 68119 200
a21
λˆ
Ydd − 185 a1a2Ydζ3
− 128 829
64 000
a31
λˆ
Yu − 106 08364 000
a31
λˆ
Yl − 36 12964 000
a31
λˆ
Yd − 11 2693840
a21
λˆ
Yuu
+ 54
λˆ
(Y2dd +Y2uu)− 66691280 a
2
1
λˆ
Yll + 59733200
a21
λˆ
Yud − 39
4λˆ
(Ydddd +Yuuuu)
− 2241
800
a21
λˆ
Y2l −
1857
800
a21
λˆ
Y2u +
7101
256
a22(Yd +Yu) −
4479
256
a22
λˆ
Yll
+ 231
800
a21
λˆ
Y2d − 252(Yd +Yu)(Ydd +Yuu) +
19as
λˆ
(Yddd +Yuuu)
+ 6453
32
a2(Ydd +Yuu) + 5739512
a32
λˆ
Yl + 567128
a22
λˆ
Yud − 5111320
a1
λˆ
Yddd
− 3467
320
a1
λˆ
Yuuu + 2299320
a1
λˆ
Yudd − 1337320
a1
λˆ
Yuud + 36
λˆ
Yll (Ydd +Yuu)
− 18Yud(Ydd +Yuu) − 3735 λˆ(Ydd +Yuu) + 243ζ3(Yddd +Yuuu)
λˆ 8 2
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4
λˆ2(Yd +Yu) − 13434 as(Ydd +Yuu) −
1137
64
a2
λˆ
Ylll − 332
a22
λˆ
Y2l
+ 29 223a1a2Yu
640
+ 2247
200
a21Yuζ3 +
2079
200
a21Ylζ3 − 270λˆζ3(Ydd +Yuu)
+ 15 633a1a2Yl
640
+ 15 459a1a2Yd
640
+ 10 881a1a2λˆ
160
+ 468asζ3(Ydd +Yuu)
+ 99
16λˆ
YlYlll − 8164
a1
λˆ
Ylll + 177200a
2
1Ydζ3 −
96a2s
λˆ
YdYu + 306asλˆ(Yd +Yu)
− 63
4
Yud(Yd +Yu) + 56750 a
2
1 λˆζ3 +
1599a1λˆYl
80
− 117
2
a2Yllζ3
− 1323
80
a1λˆYd + 54λˆYl (Yd +Yu) − 53110 a1Yddζ3 +
513a1λˆYu
80
+ 351
2
a22 λˆζ3 +
243a1Yllζ3
10
− 237
16
a2λˆYl + 1538 a
2
2Ylζ3 −
81
2
a2Yudζ3
+ 3a1Yudζ3
10
− 27
2
a1Yuuζ3 + 18a2λˆYlζ3 + 18a1λˆYdζ3
+ 175 399a
2
1Yd
19 200
+ 101 791a
2
1Yu
19 200
+ 9435(Yddd +Yuuu)
32
+ 43 011a
2
1 λˆ
1600
− 183
32
(Yudd +Yuud) − 369a
2
1Yl
6400
+ 2367a
2
2Yl
256
− 54ζ3(Yudd +Yuud)
+ 7949a1Ydd
160
− 375
8λˆ
Yuudd + 3531a
2
2 λˆ
64
+ 3353a1Yuu
160
+ 108
λˆ
YddYuu
+ 411a1λˆ
2
10
− 33
4λˆ
Yudud + 2151a2Yll32 −
13
4λˆ
Yllll + 495a2Yud16 −
483λˆ2Yl
4
− 441a1Yll
32
+ 411a2λˆ
2
2
− 1245λˆYll
8
+ 121a1Yud
16
− 1197λˆYud
4
, (15)
where the following notation was used for the gauge couplings:
ai =
(
5
3
g21
16π2
,
g22
16π2
,
g2s
16π2
)
. (16)
Let us also mention that the results for β
λˆ
, γm2 and γv are independent of gauge-fixing param-
eters and the corresponding renormalization constants satisfy the so-called pole equations [29].
This serves as a crucial test of the correctness of the calculated three-loop contributions.
It is worth pointing that the expressions (13)–(15) do not coincide with the anomalous dimen-
sion5 of the Higgs doublet
γΦ = −12
d lnZh
d lnμ2
. (17)
The latter, if taken in the Landau gauge (see, e.g., Refs. [30,31] for details), corresponds the
anomalous dimension of VEV obtained via minimization of the effective potential [32–34].
5 The corresponding expression can also be found in ancillary files of the arXiv version of the paper.
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In Fig. 2 one can see an example of the VEV running driven by two different anomalous
dimensions: v1(μ) by γv from Eqs. (13)–(15) and v2(μ) by γΦ in the Landau gauge. The initial
scale is chosen to be μ0 	 96 GeV [35] at which one expects the threshold corrections for v1(μ)
to be small. The boundary values for the couplings are also taken from Ref. [36] and we made the
assumption that v2(μ0) = v1(μ0) = v0 	 246 GeV. For convenience, we divide all the running
quantities in Fig. 2 by their boundary values. It is clear that v1(μ) increases significantly with μ,
while the scale dependence of v2(μ) is rather smooth. This is due to the fact that the anomalous
dimension of v1(μ) is correlated with −βλ/λ, and at μ0 we have a large positive contribution
−βλ(μ0)/λ0 	 0.08 to γv . In Fig. 3 the scale dependence of λ(μ) and βλ(μ) is presented. In
addition, we plot the second derivate λ¨(μ), which can be of some interest in scenarios with
λ = βλ = 0 at some scale. From Fig. 3 one can see that for a chosen set of initial parameters [36]
the beta-function βλ reaches zero at 1017 GeV, while λ and λ¨ are still positive at this scale.
It is fair to mention that different implementation [6] of threshold corrections, which relate
the MS parameters to some measured quantities, leads to a different boundary value of the top
Yukawa coupling. The latter drives λ to negative values at the scales of order 1010 GeV rendering
the SM vacuum unstable. Since, in our opinion, both procedures,6 if implemented consistently,
should render the same values for dimensionless couplings, this discrepancy requires further
investigation.
To conclude, by explicit calculation we extended our results presented in Ref. [18] to the case
of complex Yukawa matrices. We also provided the anomalous dimensions γΦ and γv of the
Higgs doublet and the running vacuum expectation value (VEV) defined as v ≡√m2/λ, respec-
tively. In addition, the scale dependence of the considered quantities are studied numerically.
6 The essential difference in matching procedures of Refs. [36] and [6] stems from the way one treats the so-called
tadpole contributions [37] or, in other words, whether v1(μ) or v2(μ) is used in the relations between MS-running masses
and couplings.
266 A.V. Bednyakov et al. / Nuclear Physics B 879 (2014) 256–267Fig. 3. The running of the Higgs self-coupling is given together with the scale dependence of its first (βλ) and second
derivatives. The width of the curves corresponds to the difference between two- and three-loop running. All parameters
are normalized by their initial values at the scale μ0. The arrow points to the scale at which βλ = 0.
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